Two-dimensional steady-state laminar natural convection of inelastic power-law nonNewtonian fluids in square enclosures with differentially heated sidewalls subjected to constant wall heat flux (CHWF) are studied numerically. To complement the simulations, a scaling analysis is also performed to elucidate the anticipated effects of Rayleigh number (Ra), Prandtl number (Pr) and power-law index (n) on the Nusselt number. The effects of n in the range 0.6 n 1.8 on heat and momentum transport are investigated for nominal values Ra in the range 10 3 -10 6 and a Pr range of 10-10 5 . In addition the results are compared with the constant wall temperature (CWT) configuration. It is found that the mean Nusselt number Nu increases with increasing values of Ra for both Newtonian and power-law fluids in both configurations. However, the Nu values for the vertical walls subjected to CWHF are smaller than the corresponding values in the same configuration with CWT (for identical values of nominal Ra, Pr and n). The Nu values obtained for power-law fluids with n < 1 (n > 1) are greater (smaller) than that obtained in the case of Newtonian fluids with the same nominal value of Ra due to strengthening (weakening) of convective transport. With increasing shear-thickening (i.e., n > 1) the mean Nusselt number Nu settles to unity (Nu ¼ 1:0) as heat transfer takes place principally due to thermal conduction. The effects of Pr are shown to be essentially negligible in the range 10-10 5 . New correlations are proposed for the mean Nusselt number Nu for both Newtonian and power-law fluids.
Introduction
Natural convection in rectangular enclosures with differentially heated vertical sidewalls is one of the most extensively analyzed configurations because of its fundamental importance as a "benchmark" geometry to study convection effects (and compare numerical techniques). Additionally the geometry has relevance to solar collectors, food preservation, compact heat exchangers, and electronic cooling systems among other practical applications. A large body of existing literature [1] [2] [3] is available for this configuration especially in the case of Newtonian fluids and an extensive review can be obtained in Ref. [4] . Relatively limited effort has been directed to the analysis of natural convection of nonNewtonian fluids in rectangular enclosures. The Rayleigh-Bénard configuration [5] , which involves a rectangular enclosure with adiabatic vertical walls and differentially heated horizontal walls with the bottom wall at higher temperature, has been investigated for a range of different non-Newtonian models, including inelastic generalized Newtonian fluids (GNF) [6] [7] [8] [9] , fluids with a yield stress [10] [11] [12] , and viscoelastic fluids [13] .
Kim et al. [14] studied transient natural convection of nonNewtonian power-law fluids (power-law index n 1) in a square enclosure with differentially heated vertical sidewalls subjected to constant wall temperatures (CWT). According to this study, the mean Nusselt number Nu increases with decreasing power-law index n for a given set of values of Rayleigh (Ra) and Prandtl (Pr) numbers. This result is consistent with the numerical findings of Ohta et al. [8] where the Sutterby model was used for analyzing transient natural convection of shear-thinning fluids in the Rayleigh-Bénard configuration. The strengthening of natural convection in rectangular enclosures for shear-thinning fluids was also confirmed by both experimental and numerical studies on microemulsion slurries by Inaba et al. [9] in the Rayleigh-Bénard configuration. Lamsaadi et al. [15, 16] studied the effects of the power-law index on natural convection in the high Pr limit for both tall [15] and shallow enclosures [16] where the vertical sidewall boundary conditions are constant wall heat fluxes (CWHF) rather than isothermal vertical sidewalls as in Ref. [14] . Lamsaadi et al. [15, 16] demonstrated that the convective heat transfer rate depends only on the values of nominal Ra and the power-law index n for large values of aspect ratio and the nominal Pr. 2 Barth and Carey [17] utilized GNF models that incorporate limiting viscosities at low and high shear rates to study a three-dimensional version of the problem (the adiabatic boundary conditions are replaced by a linear variation in temperature to match the experimental conditions of [18] ). Vola et al. [19] and Turan et al. [20] [21] [22] numerically studied steady two-dimensional natural convection of yield stress fluids obeying the Bingham model in rectangular enclosures with vertical sidewalls subjected to both CWT [20, 21] and CWHF [22] . Recently the present authors [23] carried out a numerical study for steady natural convection of power-law fluids in a square enclosure with differentially heated sidewalls subjected to CWT for the power-law index n range 0.6 n 1.8, Ra ¼ 10 3 À 10 6 and Pr ¼ 10 À 10 5 . A correlation has also been proposed for the mean Nusselt number Nu based on the simulation data guided by a scaling analysis [23] .
The present study extends the analysis of Turan et al. [23] by modifying the vertical sidewall boundary condition to the CWHF rather than CWT. The difference in heat transfer behavior of power-law fluids in a square enclosure due to a change in sidewall boundary condition (between CWT and CWHF) is yet to be addressed in the open literature. In this respect the main objectives of the present study are as follows:
(1) to demonstrate the effects of n, Ra, and Pr on the mean Nusselt number Nu in the case of natural convection of power-law fluids in a square enclosure with differentially heated vertical sidewalls subjected to CWHF (2) to identify the differences in the heat transfer behavior between the configurations with CWHF and CWT for the same values of Ra, Pr, and n (3) to develop a correlation for the mean Nusselt number for natural convection of power-law fluids in a square enclosure with differentially heated vertical sidewalls subjected to CWHF
The necessary mathematical background and numerical details will be presented in Sec. 2, which will be followed by the scaling analysis. Following this analysis, the results will be presented and subsequently discussed. The main findings will be summarized and conclusions will be drawn in Sec. 5.
Mathematical Background and Numerical Implementation 2.1 Governing Equations and Nondimensional Numbers.
For the present study steady-state flow of an incompressible power-law fluid is considered. For incompressible fluids the conservation equations for mass, momentum, and energy under steady state can be written using tensor notation (i.e., x 1 ¼ x is the horizontal direction and x 2 ¼ y is the vertical direction) as
• Momentum conservation equations
• Energy conservation equation
where for the CWHF configuration the reference temperature 
where
is a component of the rate of strain tensor, K is the consistency, n is the power-law index and l a is the apparent viscosity, which is given by
For n < 1 (n > 1) the apparent viscosity decreases (increases) with increasing shear rate, and thus, the fluids with n < 1 (n > 1) are referred to as shear-thinning (shear-thickening) fluids. In the present study, natural convection of power-law fluids in a square enclosure (of dimension L) with differentially heated sidewalls is analyzed for different values of n and the nominal values of Ra and Pr for both CWT and CWHF boundary conditions. The Rayleigh number Ra represents the ratio of the strengths of thermal transports due to buoyancy to thermal conduction, which can be defined in the following manner for CWHF boundary condition:
where Gr CWHF is the Grashof number in the CWHF condition and Pr is the Prandtl number, which are defined as
For the CWT configuration the Ra and Grashof (Gr) numbers are defined as
Gr represents the ratio of the strengths of the buoyancy and viscous forces while Pr depicts the ratio of the strengths of momentum diffusion to thermal diffusion. Alternatively, Pr can be taken to represent the ratio of the viscous boundary-layer to thermal boundary-layer thicknesses.
For power-law fluids-because the viscosity varies with the flow-in Eqs. [15, 16, 24] , one can obtain the following expression for l ref :
Equation (9) only presents a representative value, which was used for analyzing natural convection in rectangular enclosures in several previous studies [15, 16, 24] . As the local shear rate _ c cannot be a priori predicted, a velocity scale u scale $ a=L allows for expressing Ra, Gr, and Pr as functions of known quantities (i.e., g; b; K; q; a; k and L). Equations (6)- (8) give rise to the following definitions of Ra, Gr, and Pr:
ðK=qÞ a n k ;
Transactions of the ASME
a n ðK=qÞ ;
These definitions, which will be used for the remainder of this paper, are the same as those used by Ng and Hartnett [24] and Lamsaadi et al. [15, 16] ; and
; and (10ii) will be used for the sake of avoiding confusion as these definitions were used previously by Ng and Hartnett [24] and Lamsaadi et al. [15, 16] in their analysis of natural convection of power-law fluids in rectangular enclosures. However, there is no unique definition of reference viscosity in power-law fluids with n 6 ¼ 1 and the definitions presented in Eqs. (10iii) and (10iv) are equally valid and legitimate choices for definitions of nominal Ra, Gr, and Pr numbers. However, the definition of Pr according to Eqs. (10i) and (10ii) does not change with the change in boundary condition. This makes the choice of u scale $ a=L more convenient for the subsequent analysis. Henceforth, the definitions given by Eqs. (10i) and (10ii) will be used in this paper.
Using dimensional analysis it is possible to show that for natural convection of power-law fluids in square enclosures Nu ¼ f 1 ðRa; Pr; nÞ. where the Nusselt number Nu is given by
where Nu represents the ratio of heat transfer rate by convection to that by conduction in the fluid in question and the local heat transfer coefficient h is defined as
where the subscript "wf" refers to the condition of the fluid in contact with the wall. It is worth noting that the wall temperatures T x1¼0 and T x2¼L are not constant along the wall (i.e., T x1¼0 and T x2¼L are functions of vertical coordinate) for the CWHF boundary condition and this will be demonstrated in Sec. 4 of this paper.
Numerical Implementation.
A finite-volume code is used to solve the coupled conservation equations of mass, momentum, and energy. In this framework, a second-order central differencing is used for the diffusive terms and a second-order upwind scheme for the convective terms. Coupling of the pressure and velocity is achieved using the well-known SIMPLE (semiimplicit method for pressure-linked equations) algorithm [25] . The convergence criteria were set to 10 À7 for all the relative (scaled) residuals.
Boundary Conditions and Mesh.
The schematic diagrams of the simulation domains for both the CWT and CWHF configurations are shown in Fig. 1 . Both velocity components (i.e., u 1 and u 2 ) are identically zero on each boundary because of the no-slip condition and impenetrability of rigid boundaries. The heat fluxes for the cold and hot vertical walls are specified (i.e., kð@T=@x 1 Þj x1¼0 ¼ q and kð@T=@x 1 Þj x1¼L ¼ q). The temperature boundary conditions for the horizontal insulated boundaries are given by:
Here four governing equations (1 continuity þ 2 momentum þ1 energy) for four quantities (u, v, p, T) are solved, and thus, no further boundary conditions are needed for pressure. The mesh used corresponds to mesh M2 from Ref. [23] . The numerical uncertainty is also of the same order as the CWT results presented in Ref. [23] and so extensive details are not unnecessarily repeated here. Essentially the mean Nusselt number values reported here are accurate to within 1% for all cases.
Scaling Analysis
A scaling analysis is performed to elucidate the anticipated effects of Ra, Pr, and n on the Nusselt number for power-law fluids. All the unknown constants involved in this scaling analysis are considered to be unity for the purpose of mathematical manipulations. The wall heat flux q can be scaled as
which gives rise to the following relation:
where the thermal boundary-layer thickness d th is related to the hydrodynamic boundary-layer thickness d in the following manner: d=d th $ f 2 ðRa; Pr; nÞ, where f 2 ðRa; Pr; nÞ is a function of Rayleigh number, Prandtl number, and power-law index, which is expected to increase with increasing Pr. In order to estimate the thermal boundary-layer thickness d th , a balance of buoyancy and viscous forces in the vertical direction (i.e., x 2 -direction) is considered
For power-law fluids the shear stress s can be estimated as s $ Kð#=dÞ n , where # is a characteristic velocity scale, which upon substitution into Eq. (15) gives
For natural convection the flow is induced by the buoyancy force, and thus, an equilibrium of inertial and buoyancy forces gives
This balance leads to an expression for the characteristic velocity scale
which can be used in Eq. (16) to estimate the thermal boundarylayer thickness as
This scaling gives rise to the following expression for the thermal boundary-layer thickness d th : where Ra CWHF and Pr are given by Eq. (10i) and f 3 is given by
. The above expression accounts for the fact the thermal boundary-layer thickness becomes of the order of the enclosure size L under very high values of n when thermal conduction becomes the principal mode of heat transfer. Moreover, for a given set of values of Ra and Pr the thermal boundary-layer and hydrodynamic boundary-layer thicknesses (i.e., d th and d) decrease with decreasing n. Equation (20) suggests that d th decreases with increasing Ra for n < 2. It is worth noting that Eq. (20) provides a representative thermal boundary layer thickness d th but in reality it varies along the wall. As d th is not a priori known, using a representative value of d th to obtain a reference viscosity l ref based on the characteristic shear rate #=d is unlikely to yield any extra benefit over the current methodology used for defining Ra, Gr, and Pr numbers (see Eq. (10i)).
Substitution of Eq. (20) The mean Nusselt number Nu attains a value equal to unity (i.e., Nu ¼ 1:0) when d th approaches the enclosure size L. The scaling predictions provide useful insight into the anticipated behavior of Nu in response to variations of Ra, Pr, and n. Equation (21) suggests that Nu is expected to decrease with increasing n for a given value of Ra, whereas Nu increases with increasing Ra for a given value of n for n < 2. It is also important to note that the mean Nusselt number Nu behavior for Newtonian fluids can be obtained by setting n ¼ 1 in Eq. (21) .
An apparent effective viscosity l eff can be estimated in the following manner: 
A similar scaling analysis has also been carried out for the CWT configuration by Turan et al. [23] , which will be discussed later in Sec. 4.3 of this paper. The relations given by Eqs. (24) and (25) 
This condition is the same with the CWT configuration that has been recently studied by Turan et al. [23] . The conditions given by Eqs. (26)-(30) are shown in a regime diagram in Fig. 2(a) . When Ra CWHF < Pr n=ð2ÀnÞ the heat transfer takes place principally due to thermal conduction, and therefore, this regime in Fig. 2 [23] . Figure 2 demonstrates that the boundaries of the conduction-dominated regime remain the same for both CWT and CWHF configurations, whereas the boundaries of the unsteady convection regime are quite different for the CWT and CWHF configurations. The validity of the above regime diagram can be substantiated from a series of unsteady calculations labeled cases A, B, C, and D and shown on the regime diagram. For cases A and B the mean Nusselt number Nu turns out to be steady for both CWT and CWHF configurations (i.e., case A: Nu ¼ 1:0), as predicted by the regime diagram. In case C a time-independent value of Nu is obtained for the CWHF configuration, whereas a complex transient behavior of Nu is obtained for the CWT configuration. The transient simulations for case D yielded a complex transient response of Nu for both CWT and CWHF configurations as observed from Fig. 2(b) . It is important to note that the boundaries that distinguish one regime from another on the regime diagram shown in Fig. 2(a) are based on scaling arguments so these boundaries should not be treated rigidly but need to be considered only in an order of magnitude sense. Transactions of the ASME indicates that the effects of convection strengthen with decreasing values of n. Figure 3 also demonstrates that the magnitude of vertical velocity component V increases significantly with decreasing n for fixed Ra CWHF . The increasing magnitude of V indicates strengthening of convective transport with decreasing n which in turn leads to an increasing boundary layer character of temperature distribution. Equation (24) shows that the effective Grashof number Gr CWHF,eff increases significantly with decreasing values of n for a given value of Gr CWHF , which indicates that the buoyancy force becomes increasingly strong in comparison to viscous force with decreasing values of n. This effect is particularly strong for fluids with n < 1 as a consequence of shear thinning. In contrast, the effects of buoyancy force become increasingly weak in comparison to viscous force with increasing n especially in fluids with n > 1 because of shear thickening. The Ra CWHF ¼ 10 4 and n ¼ 1.8 data show that the heat transfer takes place principally due to thermal conduction as the convection strength is very weak. This predominant conduction-driven transport is reflected in the almost linear distribution of h with x 1 /L and negligible magnitude of V for this case. The conduction dominated thermal transport for Ra CWHF ¼ 10 4 and n ¼ 1.8 is expected according to the scaling estimates given by Eq. (20) , which indicates that d th becomes of the order of L for large values of n, indicating conduction-driven thermal transport. Fig. 4 that the magnitude of W decreases (increases) with increasing (decreasing) n because of weakening (strengthening) of convective transport in comparison to viscous flow resistance. Moreover, it can be seen from Fig. 5 that the contours of dimensionless temperature becomes progressively more curved with decreasing n as a result of the strengthening of convective transport. Figure 5 further shows that the thermal boundary-layer thickness (d th ) increases with increasing n, which is consistent with the scaling estimations given by Eq. (20) , which predicts an increase in d th with increasing n for a given set of values of Ra CWHF and Pr. It is also worth noting from A decrease in the thermal boundary-layer thickness d th gives rise to a decrease in the magnitude of temperature difference between the vertical walls DT $ qd th =k (see Eq. (13)), which acts to enhance the mean Nusselt number Nu $ qL=DTk $ L=d th (see Eq. (14)) for the CWHF configuration as can be seen in Fig. 6 where the variations of mean Nusselt number Nu with Ra CWHF are shown for different values of n at Pr ¼ 10 2 ; 10 3 , and 10 4 . The results shown in Fig. 6 are consistent with the scaling estimate given by Eq. (21), which suggests that Nu increases with decreasing n for a given set of values of Ra CWHF and Pr. This behavior is also qualitatively consistent with the findings of Lamsaadi et al. [15, 16] for the same configuration. Moreover, the increase Transactions of the ASME (decrease) in Nu with decreasing (increasing) n is qualitatively similar to the earlier findings in the CWT configuration [14, 23] .
Effects of Nominal Rayleigh Number.
It is useful to investigate the distributions of dimensionless temperature h and the velocity components V (see Fig. 3 ) in order to understand the effects of Ra CWHF on the heat transfer rate during natural convection of power-law fluids in a square enclosure. As seen from Fig. 3 , the distribution of h shows increasing boundary layer character with increasing Ra CWHF for a given value of n. The linear (nonlinear) distribution of temperature with x 1 direction is indicative of conduction (convection) dominated thermal transport. An increase in Ra CWHF gives rise to strengthening of buoyancy forces in comparison to viscous forces. It can also be observed from the distribution of V in Fig. 3 that the magnitude of V increases with increasing Ra CWHF . This enhancement of fluid velocity magnitude is consistent with the fact that Gr CWHF,eff and Ra CWHF,eff increase with increasing Ra CWHF for a given set of values of n and Pr (see Eqs. (24) and (25)).
Figures 4 and 5 also indicate that the effects of convection strengthen with increasing Ra CWHF that is reflected in the augmentation in the magnitude of W and progressively curved contours of dimensionless temperature for higher values of Ra. It is clear from Figs. 3 and 5 that d th decreases with increasing Ra CWHF (for a given set of values of n and Pr), which is consistent with the scaling estimates given by Eq. (20) . The thinning of d th for larger values of Ra acts to decrease the magnitude of temperature difference DT $ qd th =k between the vertical walls (as Eq. (13) and (14) indicate), which gives rise to an increase in Nu $ qL=DTk. The increase in Nu with increasing Ra CWHF is demonstrated in Fig. 6 , which is also consistent with the scaling estimate given by Eq. (21) . The Ra dependence of Nu for different values of n is found to be qualitatively consistent with the earlier results by Lamsaadi et al. [15, 16] in the CWHF configuration and the previous findings [14, 23] in the CWT configuration. useful to refer to the definitions of nominal Ra CWT and Gr CWT for the CWT configuration [23] , which were provided in Eq. (10ii). The balance between inertial and buoyancy forces according to Eq. (17) leads to an expression for the characteristic velocity scale for the CWT configuration [23] # $ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi gbDTL p
Using this expression in Eq. (16) the thermal boundarylayer thickness for the CWT configuration can be estimated as [23] d th $ min L; 1 f 4 ðRa CWT ; Pr; nÞ 
Equation (32) shows that the thermal boundary-layer d th decreases (increases) with decreasing (increasing) n. Substitution of Eq. 32 into Eq. 13 yields Nu
The variation of Nu with the same numerical values of Ra CWT and Ra CWHF for both CWT and CWHF configuration for different values of n are shown in Fig. 6 for a given set of values of Pr. It is evident from Fig. 6 that Nu increases with increasing values of Ra CWHF (Ra CWT ) for both configurations, which is also consistent with scaling estimates given by Eqs. (21) and (33). Besides, it is also apparent from Fig. 6 and Ra CWHF Þ ½ðð1ÀnÞ=2Þ=ðn=ð2þ2ÞÞ Þ increases with increasing Ra and this gives rise to an increase in the difference between the Nu values in the two configurations with increasing Ra CWHF (Ra CWT ) and this effect is especially prevalent for shear-thinning fluids (n < 1) (see Fig. 6 ). The difference between the Nu values for the CWT and CWHF configurations with increasing Ra CWHF (Ra CWT ) becomes more noticeable with decreasing n, which is also in agreement with the scaling arguments (see Eqs. (21) and (33)).
The difference between the Nu values for the CWHF and CWT configurations can be explained using the differences in the distributions of h and V for both the configurations that are presented in Figs. 7 and 8, respectively. For the CWT case the nondimensional temperature h is defined as h ¼ ðT À T cen Þ=ðT H À T C Þ, where T cen is the temperature at the geometric center of the domain. Under predominantly conduction-driven thermal transport the temperature difference between the vertical walls remain equal to qL=k ¼ ðT H À T C Þ.The temperature difference between the vertical sidewalls in the CWHF condition at very small values of Ra CWHF, where the thermal transport is primarily conductiondriven, remains identical to the temperature difference between the vertical sidewall under the CWT condition for the same numerical value of Ra CWT . As the value of Ra CWHF increases, the temperature difference decreases in comparison to qL=k in the CWHF configuration, whereas it remains exactly equal to (T H -T C ) for all values of Ra CWT in the CWT configuration. As the temperature difference between the vertical sidewall is smaller in the CWHF configuration than in the CWT configuration, the velocity induced in the enclosure is smaller in magnitude in the CWHF configuration than in the CWT configuration for the same numerical values of Ra CWHF and Ra CWT (see Fig. 8 ). The smaller values of velocity magnitude in the CWHF configuration than in the CWT configuration for the same numerical values of Ra CWHF and Ra CWT are reflected in the smaller value of Nu in the CWHF configuration than in the CWT configuration in the convectiondominated thermal transport regimes. where b 1 is a correlation parameter which can be expressed based on simulation results as
where c 1 ; c 2, and c 3 are given by 
Conclusions
Laminar natural convection of power-law non-Newtonian fluids in a square enclosure with vertical sidewalls subjected to CWHF boundary condition has been numerically studied for power-law index n in the range 0.6-1.8, for Ra CWHF ¼ 10 4 -10 6 and Pr ¼ 10-10 5 . The effects of n, Ra CWHF , and Pr on heat and momentum transport have been systematically investigated and the results have been compared with the corresponding results obtained from the CWT boundary condition. It has been found that the mean Nusselt number Nu increases with increasing values of Ra for both Newtonian and power-law fluids. The Nusselt number was found to decrease with increasing power-law index n, and, for large values of n, the value of mean Nusselt number settled to unity (i.e., Nu ¼ 1) as the heat transfer took place principally by conduction for both CWT and CWHF boundary conditions. It was also shown that Nu for both the CWHF and CWT configurations remains comparable for the same numerical value of Ra CWHF and Ra CWT for small values of nominal Ra and large values of n. However, the difference between the Nu values obtained for CWT and CWHF boundary conditions for the same numerical values of Ra CWHF and Ra CWT increases with increasing Ra and decreasing n. The simulation results show that the mean Nusselt number Nu is virtually unaffected by the increase in Pr (at least in the range Pr ¼ 10- 10 5 ) for Newtonian and power-law fluids for a given set of values of Ra CWHF (Ra CWT ) and power-law index n. Finally, guided by a scaling analysis, the simulation results are used to propose a new correlation for Nu for power-law fluids with n ranging from 0.6 to 1.8. This correlation is shown to satisfactorily capture the variation of Nu with Ra CWHF (Ra CWT ), Pr, and n for all the cases considered in this study. Moreover, this correlation reduces to an existing correlation for Nu for Newtonian fluids when n ¼ 1.
It is worth noting that the temperature dependences of thermophysical properties such as consistency and thermal conductivity have been neglected in the present analysis as a first step to aid the fundamental understanding of natural convection in powerlaw fluids following several previous studies [14] [15] [16] 23, 24] . Although the inclusion of temperature-dependent thermophysical properties are not expected to change the qualitative behavior observed in the present study, as the convection pattern is found to be qualitatively similar for all values of n, Ra, and Pr within the laminar steady convection regime. However, the inclusion of temperature dependence of consistency K, power-law index n and thermal conductivity k is probably necessary for quantitative predictions. Thus, future investigation on the same configuration with temperature-dependent thermophysical properties of power-law fluids will be necessary for deeper understanding and more accurate quantitative predictions. 
